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Let q be a nonzero complex number which is not a root of unity and let Uq(g˜) be the
quantum loop algebra over C associated with a finite-dimensional complex simple Lie
algebra g. It is known that every finite-dimensional irreducible representation of Uq(g˜)
is a pseudo-highest weight representation and classified by the pseudo-highest weights
(see [7]). In 2002, Chari showed the sufficient condition for the tensor product of the
finite-dimensional irreducible representations of Uq(g˜) to be a pseudo-highest weight
representation (see [4]). In particular, by using this result, we obtain the necessary
and sufficient conditions for the tensor product of the fundamental representations to
be irreducible (see also [2], [13], and [11]). It is known that every finite-dimensional
irreducible representation of Uq(g˜) is isomorphic to a subquotient of the tensor product
of the fundamental representations (see [7]).
In this note, we explain the necessary and sufficient conditions for the tensor prod-
uct of the fundamental representations for the restricted quantum loop algebras of type
A at roots of unity to be irreducible. This is the result in [1].
§ 2. Notations
We fix the following notations:
N := {1, 2, · · · }: the set of natural numbers,
Z+ := {0, 1, 2, · · · }: the set of non-negative integers,
I := {1, 2, · · · , n}, I˜ := I unionsq {0}: index sets,
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(ai,j)i,j∈I : Cartan matrix of type An,
(ai,j)i,j∈eI : generalized Cartan matrix of type A(1)n ,
q: indeterminate, C(q): rational function field of q,
[r] :=
qr − q−r





[r][r − 1] · · · [r −m+ 1]
[m][m− 1] · · · [1] (r ∈ Z,m ∈ N),
l: an odd integer greater than 2, ε: a primitive l-th root of unity,
A := C[t, t−1]: Laurent polynomial ring,
Cε: A-algebra of the set of complex numbers defined by the following formula:
g(q).c := g(ε)c for g(q) ∈ A, c ∈ C.
§ 3. The restricted quantum loop algebras
First, we introduce the generic quantum loop algebras to define the restricted quan-
tum loop algebras.
Definition 3.1. The quantum loop algebra U˜q of type An is the associative C(q)-
















EiFj − FjEi = δi,jKi −K
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(−1)pF (p)i FjF (1−ai,j−p)i = 0 i 6= j,











Fmi (m ∈ Z+).
Next, we introduce the Drinfel’d realization of U˜q to define the pseudo-highest
weight representations of the restricted quantum loop algebras (see §4 in this paper).
Theorem 3.2 ([9] and [3]). As a C(q)-algebra, U˜q is isomorphic to the alge-
bra with generators {X±i,r,Hi,s,K±1i | i ∈ I, r, s ∈ Z, s 6= 0} and the following defining















































X±i,rpi(1) · · ·X±i,rpi(p)X±j,r′X
±
i,rpi(p+1)
· · ·X±i,rpi(m) = 0, (i 6= j),
for r1, · · · , rm ∈ Z, where m := 1 − ai,j, Sm is the symmetric group on m letters, and








and Ψ±i,±r := 0 if r < 0.
Next, we introduce the restricted quantum loop algebras and their triangular de-
composition. Let U˜ resA be the A-subalgebra of U˜q generated by {E(m)i , F (m)i ,K±1i | i ∈
I˜ , m ∈ N}.
Definition 3.3 ([8] and [12]). The restricted quantum loop algebra U˜ resε is de-
fined as follows:
U˜ resε := U˜
res
A ⊗A Cε.


























Hi,s, Pi,r ∈ U˜ resA ,
for i ∈ I, m ∈ N, r ∈ Z, and s ∈ Z×, where (X±i,r)(m) := 1[m]! (X±i,r)m (see [6, §9.3A] and
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(m) ⊗ 1, hj,s := Hj,s ⊗ 1, ψ±j,r = Ψ±j,r ⊗ 1, pj,r := Pj,r ⊗ 1,
where i ∈ I˜, j ∈ I, r ∈ Z, s ∈ Z×, and m ∈ N. Define (U˜ resε )+ (resp. (U˜ resε )−, (U˜ resε )0)
to be the C-subalgebra of U˜ resε generated by {(x+i,r)(m) | i ∈ I, r ∈ Z,m ∈ N} (resp.





| i ∈ I, r ∈ Z}). Then we obtain the
triangular decomposition of U˜ resε (see [8, §6]):
(U˜ resε )
− ⊗ (U˜ resε )0 ⊗ (U˜ resε )+−˜→U˜ resε .(3.1)




q−p(m−p)e(p)i ⊗ kpi e(m−p)i , ∆(f (m)i ) =
m∑
p=1
qp(m−p)f (p)i ⊗ f (m−p)i k−pi ,
∆(ki) = ki ⊗ ki,
for any i ∈ I˜ and m ∈ N (see [6, §9.3A]).
By using (3.1) and the results of the generic case (in particular, [4, Proposition
2.2]), we obtain the following lemma:
Lemma 3.4 ([1, Lemma 6.3]). Let i ∈ I and r ∈ N. Modulo U˜ resε ⊗Xres+ ,
∆(x−i,r) = x
−












§ 4. Representation theory of the restricted quantum loop algebras
Without loss of generality, we assume that the representation of U˜ resε is of type 1,
that is, kli = 1 on the representation for any i ∈ I.
For any pi = (pii(t))i∈I ∈ (C0[t])n (C0[t] := {pi(t) ∈ C[t] |pi(0) = 1}), there exists a
unique C-algebra homomorphism Λpi : (U˜ resε )0 −→ C such that








) = p(1)i ,
∞∑
m=1
Λpi(pi,±m)tm = pi±i (t),
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where









i (0 ≤ p(0)i < l).
Definition 4.1. Let V be a representation of U˜ resε and pi = (pii(t))i∈I be an
element in (C0[t])n. We assume that there exists a nonzero vector vΛ ∈ V such that
(x+i,r)
(m)vΛ = 0 for all i ∈ I, r ∈ Z, and m ∈ N and uvΛ = Λpi(u)vΛ for all u ∈ (U˜ resε )0.
If V is generated by vΛ as a representation of U˜ resε , we call V a pseudo-highest weight
representation of U˜ resε with the pseudo-highest weight pi generated by a pseudo-highest
weight vector vΛ.
Theorem 4.2 ([8, §8]). For any pi ∈ (C0[t])n, there exists a finite-dimensional
irreducible pseudo-highest weight U˜ resε -representation V˜
res
ε (pi) with the pseudo-highest
weight pi. Moreover, for any finite-dimensional irreducible U˜ resε -representation V , there
exists a unique pi ∈ (C0[t])n such that V is isomorphic to V˜ resε (pi).
Theorem 4.3 ([8, Proposition 8.3]). Let pi, pi
′ ∈ (C0[t])n and let vpi (resp.
v
′
pi′ ) be a pseudo-highest weight vector in V˜
res




)). V˜ resε (pipi
′
) is iso-
morphic to a quotient of the U˜ resε -subrepresentation of V˜ resε (pi) ⊗ V˜ resε (pi
′
) generated by
vpi ⊗ v′pi′ . In particular, if V˜ resε (pi) ⊗ V˜ resε (pi
′
) is irreducible, V˜ resε (pi) ⊗ V˜ resε (pi
′
) is iso-
morphic to V˜ resε (pipi
′
).
§ 5. The fundamental representations of the restricted quantum loop
algebras
Now, we fix the following notations. We define Î := I unionsq {n+1} = {1, 2, · · · , n+1}
and Jξ := {J = {j1, j2, · · · , jξ} ⊂ Î | j1 < j2 < · · · < jξ}, where ξ ∈ I. Let Lξ be the
#(Jξ)-dimensional C-vector space having Jξ as a C-basis. For a ∈ C×, we define
piaξ,j(t) :=
1− at, if j = ξ,1, if j 6= ξ, piaξ := (piaξ,j(t))j∈I .(5.1)
and call V˜ resε (pi
a
ξ ) a fundamental representation of U˜
res
ε .
By using the result of the generic case (see [10, §2.2] and [2, B.1]), we obtain the
following proposition:
Proposition 5.1. For ξ ∈ I and a ∈ C×, the following formula gives a U resε -
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representation structure on Lξ: for i ∈ I˜, m ∈ N (m ≥ 2), and J ∈ Jξ,
eiJ =
a˜δi,0(J\{i+ 1}) unionsq {i}, if i+ 1 ∈ J and i 6∈ J,0, otherwise,
fiJ =
a˜−δi,0(J\{i}) unionsq {i+ 1}, if i ∈ J and i+ 1 6∈ J,0, otherwise,
kiJ =

εJ, if i ∈ J and i+ 1 6∈ J,




i J = f
(m)
i J = 0,
where a˜ := aεn−1(−1)ξ and we regard 0 in J as (n+1). Moreover, Lξ is isomorphic to
V˜ resε (piaξ ) as a representation of U˜
res
ε .
For 1 ≤ i ≤ j ≤ n, let Jξi,j be the extremal vector in V˜ resε (piaξ ) (see [2]). In this case,
Jξi,j is given by the following formula (see [1, Proposition 4.11]):
Jξi,j =

{1, 2, · · · , ξ}, if j < ξ,
{j + 2− ξ, j + 3− ξ, · · · , j + 1}, if ξ ≤ j and i ≤ j + 1− ξ,
{j + 1− ξ, · · · , i− 1, i+ 1, · · · , j + 1}, if ξ ≤ j and j + 1− ξ < i.
In particular, Jξ1,1 (resp. J
ξ




In a similar way to the proof of Lemma 4.2 in [4], we obtain the following lemma.
Lemma 5.2 ([1, Lemma 6.12]). Let ξ ∈ I, a ∈ C×, and pi ∈ (C0[t])n. Let V
be a pseudo-highest weight representation of U˜ resε with the pseudo-highest weight pi and
let vpi be a pseudo-highest weight vector in V . We assume J
ξ
1,n ⊗ vpi ∈ U˜ resε (Jξ1,1 ⊗ vpi).
Then V˜ resε (piaξ ) ⊗ V is a pseudo-highest weight representation of U˜ resε with the pseudo-
highest weight piaξpi.
§ 6. Tensor product of the fundamental representations for the restricted
quantum loop algebras
§ 6.1. Irreducibility
In a similar way to the proof of the generic case (see [4] and [5]), we obtain the
following theorem:
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) is a pseudo-highest weight representation of U˜ resε with the pseudo-highest
weight pia1ξ1 · · ·piamξm generated by a pseudo-highest weight vector J
ξ1
1,1 ⊗ · · · ⊗ Jξm1,1 .
Sketch of Proof. If we can prove the following formula, we obtain this theorem from




)⊗ · · · ⊗ V˜ resε (piamξm ) = U˜ resε (J
ξ1
1,1 ⊗ · · · ⊗ Jξm1,1 ).
We shall prove this formula by the induction on m. If m = 1, this follows from the
definition of the pseudo-highest representation of U˜ resε . Now, we assume m > 1 and the
case of (m− 1) holds. We set
V
′
:= V˜ resε (pi
a2
ξ2
)⊗ · · · ⊗ V˜ resε (piamξm ), J
′
:= Jξ21,1 ⊗ · · · ⊗ Jξm1,1 .
From the assumption of the induction onm, V
′
is a pseudo-highest weight representation
of U˜ resε with the pseudo-highest weight pi
a2
ξ2
· · ·piamξm generated by a pseudo-highest weight
vector J
′
. Hence, from Lemma 5.2, it is enough to prove that
Jξ11,n ⊗ J
′ ∈ U˜ resε (Jξ11,1 ⊗ J
′
).
We shall prove that
Jξ1i,j ⊗ J
′ ∈ U˜ resε (Jξ11,1 ⊗ J
′
),
for any 1 ≤ i ≤ j ≤ n by the induction on (i, j), where
(i− 1, j) > (i, j) and (j + 1, j + 1) > (1, j).
If (i, j) = (1, 1), we have nothing to prove. We assume that the case of (i, j) holds.
As an example, let us give a proof for the case that i 6= 1, j − i + 2 ≤ ξ1 ≤ j, and
ξ2 = · · · = ξm = i− 1. Similarly we can prove the other case (see Case 2 of the proof of
Theorem 5.3 in [1]).



























) ∈ U˜ resε (Jξ11,1⊗ J
′
)
from the assumption of the induction on (i, j), we obtain
det(A)(Jξ1i−1,j ⊗ J
′
) ∈ U˜ resε (Jξ11,1 ⊗ J
′
).
Since det(A) 6= 0 from the assumption of this theorem, we obtain
Jξ1i−1,j ⊗ J
′ ∈ U˜ resε (Jξ11,1 ⊗ J
′
).









) is an irreducible representation of U˜ resε .
Sketch of Proof. We set V := V˜ resε (pi
a1
ξ1
) ⊗ · · · ⊗ V˜ resε (piamξm ). Let V ∗ be the dual
representation of V . It is enough to prove that V and V ∗ are the pseudo-highest weight
representations. From Proposition 6.11 in [1], there exists an integer c ∈ Z such that
V ∗ ∼= V˜ resε (piε
cam
ξm




(see also [1, Proposition 4.9]). Hence, this corollary follows from Theorem 6.1 and the
assumption of this corollary.
§ 6.2. Reducibility
Proposition 6.3 ([1, Proposition 6.16]). Let ξ, ζ ∈ I and a,b ∈ C×. If there
exists 1 ≤ t ≤ min(ξ, ζ, n + 1 − ξ, n + 1 − ζ) such that b = ε2t+|ξ−ζ|a or ε−(2t+|ξ−ζ|)a,
then V˜ resε (pi
a
ξ )⊗ V˜ resε (pibζ ) is reducible as a representation of U˜ resε .
Sketch of Proof. Without loss of generality, we assume b = ε2t+|ξ−ζ|a. If V˜ resε (pi
a
ξ )⊗
V˜ resε (pibζ ) is irreducible as a representation of U˜
res
ε , we obtain
V˜ resε (pi
a
ξ )⊗ V˜ resε (pibζ ) ∼= V˜ resε (piaξpibζ ),
from Theorem 4.3. Here, for pi ∈ (C0[t])n, let V˜q(pi) be the finite-dimensional irreducible
representation of U˜q with the pseudo-highest weight pi and, for c ∈ (C(q))× and γ ∈ I,
let V˜q(picγ) be the fundamental representation of U˜q, where pi
c
γ is as in (5.1). It is known





ζ )) = dimC(q)(V˜q(pi
a
ξ ))× dimC(q)(V˜q(pibqζ )),
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ζ )) ≤ dimC(q) V˜q(piaξpibqζ ),
(see [1, §6.4]). Thus, we have
dimC(q)(V˜q(piaξ ))× dimC(q)(V˜q(pibqζ )) ≤ dimC(q)(V˜q(piaξpibqζ )).
Hence, by the generic case of Theorem 4.3 (see [7]), we obtain
V˜q(piaξ )⊗ V˜q(pibqζ ) ∼= V˜q(piaξpibqζ ).
In particular, V˜q(piaξ )⊗V˜q(pibqζ ) is irreducible as a representation of U˜q. However, from the
result of the generic case (see [4] or [1, Proposition 5.7]), V˜q(piaξ )⊗ V˜q(pibqζ ) is reducible.
This is a contradiction. Therefore V˜ resε (piaξ )⊗ V˜ resε (pibζ ) is reducible as a representation
of U˜ resε .
§ 6.3. The necessary and sufficient condition
From Corollary 6.2 and Proposition 6.3, we obtain the following theorem.








for any 1 ≤ k 6= k′ ≤ m and 1 ≤ t ≤ min(ξk, ξk′ , n+ 1− ξk, n+ 1− ξk′ ).
Example 6.5. We consider the case of n = 4 and l = 7. Then, for a, b ∈ C×,
V˜ resε (pi
a
2 )⊗ V˜ resε (pib3 ) is irreducible if and only if
b 6= aε2,aε3,aε4,aε5.
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